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Let’s  play  a  be>er  game



RecapitulaCon

•  Markov  decision  processes  combine  
nondeterminisCc  and  probabilisCc  choices.

•  Strategies  select  how  to  resolve  
nondeterminisCc  choices.

•  MDP  +  strategy  induce  a  Markov  chain.
•  ProbabiliCes  on  a  MDP  are  defined  
via  the  induced  Markov  chain.



Formal  definiCon

•  A  Markov  decision  process  consists  of:
– S                finite  set  of  states  
                  (oMen  S  =  {1,  2,  ...  n})

– Act               finite  set  of  acCons
– P:  S  ×  Act  ×  S    [0,1]  
                  transiCon  probability  matrix  
                  for  every  acCon

– L:  S    2AP       labelling  with  atomic  proposiCons



ProbabilisCc  CTL

•  a  logic  to  describe  properCes  
of  Markov  chains  and  MDPs

•  extends  CTL
•  strictly  speaking,  not  a  quanCtaCve  logic  
(truth  values  are  Boolean:  true  or  false)



PCTL  syntax  for  MDPs

•  state  formulas  φ,  ψ
– a               atomic  proposiCon
– ¬ϕ               negaCon
– ϕ∨ψ            disjuncCon
– P≤p(EΠ),  P≥p(EΠ),  P≤p(AΠ),  P≥p(AΠ),...  
                  probabilisCc  operator

•  path  formulas  Π
– X  φ            next  state
– ϕ  U  ψ         unbounded  unCl
– ϕ  U≤k  ψ    bounded  unCl



What  strategy  to  choose?

•  the  best  strategy:  highest  probability  to  win
•  the  worst  strategy:  lowest  probability  to  win

•  add  operators  A,  E  similar  to  CTL  
      A  =  for  all  strategies  
      E  =  for  some  strategy

•  oMen  simplified  to:  implicitly  A  only



Model  checking  PCTL  for  MDPs

•  find  strategy  and  probabiliCes  
at  the  same  Cme

•  three  methods:
– value  iteraCon  (similar  to  Y)
–  linear  programming  (inequality  system)
– policy  iteraCon  
(pick  a  random  acCon  and  then  improve)



What  strategy  is  needed?

•  history-‐dependent  strategy?  simpler  strategy?
•  unbounded  unCl:  history-‐independent
•  bounded  unCl:  step-‐dependent
•  Proofs  on  the  following  slides...



Today’s  programme

•  algorithm  for  model  checking
– general:  bo>om-‐up
– bounded  unCl  
(needs  a  step-‐dependent  scheduler)

– unbounded  unCl  (history-‐independent  scheduler)
•  examples



Model  checking  PCTL  formulas

Calculate  Sat(φ)  from  subformulas:
•  Sat(a)  =  {s  ∈  S  |  a  ∈  L(s)}
•  Sat(¬ϕ)  =  S  \  Sat(ϕ)
•  Sat(ϕ∨ψ)  =  Sat(ϕ)  ∪  Sat(ψ)

•  Sat(P≥p(AΠ))  =  {s  |  infη∈strat  Probηs{σ  |  σ  ⊨  Π}  ≥  p}
•  Sat(P≥p(EΠ))  =  {s  |  supη∈strat  Probηs{σ  |  σ  ⊨  Π}  ≥  p}
•  Sat(P≤p(AΠ))  =  {s  |  supη∈strat  Probηs{σ  |  σ  ⊨  Π}  ≤  p}
•  Sat(P≤p(EΠ))  =  {s  |  infη∈strat  Probηs{σ  |  σ  ⊨  Π}  ≤  p}

set  of  states  
that  saCsfy  φ



notaCe  voor  schedulers...

•  griekse  le>er,  bv.  η 
•  Frakturle>er,  bv.  A,  S 



Path  formula:  X  (next)

supη∈strat  Probηs{σ  |  σ  ⊨  Xφ}  

=  maxα  ∈  Act  P(s,  α,  Sat(φ))  

=  maxα  ∈  Act      Σ      P(s,  α,  t)  
t  ∈  Sat(φ)



Path  formula:  U≤n  (bounded  unCl)

•  ϕ  U≤k  ψ
•  Find
– S1  =  winning  states
– S0  =  losing  states  (may  add  stalemate  states)
– S?  =  other  states  (including  announce  checkmate)

•  Which  strategy  to  choose?

Sat(ψ)

S  \  Sat(φ)  \  Sat(ψ)



Step-‐bounded  strategies

•  A  step-‐bounded  strategy  bases  its  decision  on:
– current  state
– number  of  steps  taken  unCl  now
– no  more  informaCon  on  past  states!

•  Theorem:  Step-‐bounded  strategies  suffice  
to  find  the  best  strategy  for  bounded  un@l.
(Proof  idea:  number  of  steps  that  remain  before  deadline  
is  the  only  relevant  data.)



Proof:  
step-‐bounded  strategies  suffice

•  proof  by  inducCon  on  number  of  remaining  
steps
– base  case:  0  steps  remain.  
No  transiCon  allowed    class  of  scheduler  of  no  
influence

–  inducCon  step:  Assume  given  strategies  ηs  for  
each  state  s  that  are  opCmal  for  ϕ  U≤n  ψ.  
To  find  an  opCmal  strategy  from  s0  for  ϕ  U≤n+1  ψ,  
choose  an  acCon  
that  leads  to  the  highest  probability  under  ηs.



Bounded  reachability

•  Assume  S1  =  Sat(ψ)  (no  announce  checkmate)
•  xn(s)  :=  maximal  probability  of  (ϕ  U≤n  ψ),  
if  s  is  the  start  state

•  x0(S1)  =  1            x0(S0  ∪  S?)  =  0
•  xn+1(S1)  =  1            xn+1(S0)  =  0

xn+1(s)  =  max  Σ  P(s,α,t)·xn(t)                for  s  ∈  S?
t∈Sα∈Act
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corresponding subformula. Nodes labelled by ^ or an until
operator have exactly two sons (their arguments). For each
node v we calculate the set Sat( ) of states consisting of
the states where the corresponding subformula  holds. The
cases where the associated formula of a node v is tt, a, ¬�0

or � = �1^�2 is clear as we have: Sat(tt) = S, Sat(a) = {s 2
S : a 2 L(s)}, Sat(¬�0) = S \ Sat(�0) and Sat(�1 ^ �2) =
Sat(�1) \ Sat(�2).

The next-step and the bounded-until operator are dealt
with in the same way for all three interpretations. This is due
to the fact that each mapping A : {! 2 Pathfin : |!|  k} !
S

s

Steps(s) with A(!) 2 Steps(last(!)) can be extended in
a fair (or a strictly fair) way. The following lemma shows
how to deal with subformulas whose outermost operator is
the next-step operator.

Lemma 5.1 Let Adv 2 {A, Afair , Asfair}, � be a PBTL
formula and Sat(�) the set of states t 2 S with t |=Adv �.
Then, for all s 2 S:

s |=Adv [ 9X � ]wp

iff there exists µ 2 Steps(s) with
X

t2Sat(�)
µ(t) w p,

s |=Adv [ 8X � ]wp

iff
X

t2Sat(�)
µ(t) w p

for all µ 2 Steps(s).

The lemma below characterises satisfaction relations for
the bounded-until operator.

Lemma 5.2 Let Adv 2 {A, Afair , Asfair} and �1, �2 be
PBTL formulas. Let pmax

s,l

and pmin
s,l

, s 2 S, l � 0, be given
as follows. If s |=Adv ¬�1 ^ ¬�2 then pmax

s,l

= pmin
s,l

= 0 for all
l � 0. If s |=Adv �2 then pmax

s,l

= pmin
s,l

= 1 for all l � 0. If
s |=Adv �1 then pmax

s,0 = pmin
s,0 = 0 and

pmax
s,l+1 = max

n

P

t2S

µ(t) · pmax
t,l

: µ 2 Steps(s)
o

,

pmin
s,l+1 = min

n

P

t2S

µ(t) · pmin
t,l

: µ 2 Steps(s)
o

.

Then, for all s 2 S:

s |=Adv [ �1 9Uk �2 ]wp

iff pmax
s,k

w p,

s |=Adv [ �1 8Uk �2 ]wp

iff pmin
s,k

w p.

Proof. For A 2 Adv let pA

s,l

= Prob{⇡ 2 PathA

ful (s) :
⇡ |=

Adv

�1U
l�2}. By induction on l it can be shown

that pmax
s,l

= max{pA

s,l

: A 2 Adv}, pmin
s,l

= min{pA

s,l

: A 2
Adv} which yields the claim.

Example 5.3 Let M be the following PBTL-structure and
� = [a9U3b]

>1/4.
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Using the notation of Lemma 5.2 we have pmax
v,3 =

pmax
z,3 = 1, pmax

w,3 = pmax
u,3 = 0 and the recursive formulas

pmax
s,i+1 = max{pmax

t,i

/2, 1/4}, pmax
t,i+1 = 1/2 + pmax

s,i

/2 where
pmax

s,0 = pmax
t,0 = 0. We obtain pmax

s,1 = 1/4, pmax
t,1 = 1/2,

pmax
s,2 = 1/4, pmax

t,2 = 5/8, pmax
s,3 = 5/16 and pmax

t,3 = 21/32.
Hence s, t, v, z |= �, w, u 6|= �.

The remainder of this section is concerned with the un-
bounded until operator. We develop a series of technical
results (Theorems 1-7) which essentially allow us to obtain
in our view a surprising result: to deal with the unbounded
until operator an examination of the simple adversaries suf-
fices. For readers’ convenience we state the main theorems
in this section without proof (those are included in Sect. 12).
Instead, we include justification for the technical results in
the form of examples.

First, the following example shows that the above-
mentioned reduction to simple adversaries fails for the
unbounded-until operator.

Example 5.4 Let M be as in Example 5.3. We saw that
s |=

Adv

[a9U3b]
>1/4. On the other hand, Prob{⇡ 2

PathA

ful (s) : ⇡ |= aU3b} = 1/4 for each simple adver-
sary A. (Note that there are exactly two simple adversaries
A

µ

and A
⌫

. These are given by A
µ

(s) = µ and A
⌫

(s) = ⌫ re-
spectively. In both adversaries, there is exactly one fulpath
⇡ starting in s and fulfilling aU3b, namely the fulpath

s
µ! t

⇢! z
µ

1
z! . . . in A

µ

and the fulpath s
⌫! v

µ

1
v! . . . in

A
⌫

.)

For the rest of this section we fix a PBTL-model M =
(S , L) where S = (S, Steps) and two PBTL formulas �1,
�2. We suppose that the sets of states s 2 S with s |=Adv �i

are already computed, where Adv is either A, Afair or
Asfair . We may suppose that �1, �2 are atomic propositions
with �

i

2 L(s
i

) if and only if s |=Adv �
i

, i = 1, 2. This
simplifying assumption allows us to use the same notation
for all three interpretations (since s |=Adv �i

iff s |= �
i

), and
is made for this reason alone.

Notation 5.5 Let Sat(�
i

) = {s 2 S : s |= �
i

}, i = 1, 2. For
A 2 A, ! 2 Pathfin , s 2 S,

pA

!

(�1U�2) = Prob
�

x 2 Pathful (!,MCA)
: x |= �1U�2 } ,

pmax
s

(�1U�2) = max
�

pA

s

(�1U�2) : A 2 A
simple

 

,
pmin

s

(�1U�2) = min
�

pA

s

(�1U�2) : A 2 Asimple
 

.

Here, for an adversary A and a fulpath x in MCA, x |=
�1U�2 iff ⇡ |= �1U�2 where ⇡ is the unique fulpath in
S with x = ⇡(0)⇡(1) . . .. Note that

pA

s

(�1U�2) = Prob
�

⇡ 2 PathA

ful (s) : ⇡ |= �1U�2
 

and that pmax
s

(�1U�2) and pmin
s

(�1U�2) are well-defined
since Asimple is finite.

Theorem 1 below can be derived from Corollary 20
(part 1) of [14], which uses the results of [20]. The rea-
son we state it here is that part (a) of this theorem carries
over to the satisfaction relation |=fair (Theorem 2), while part
(b) does not (cf. Example 5.14).

Which  states  saCsfy  P>¼(a  EU≤3  b)  ?



Path  formula:  U  (unbounded  unCl)

•  ϕ  U  ψ
•  Find
– S1  =  winning  and  announce  checkmate  states
– S0  =  losing  and  stalemate  states
– S?  =  other  states

•  Which  strategy  to  choose?



An  equaCon  system...

•  x(s)  :=  maximal  probability  of  (ϕ  U  ψ),  
if  s  is  the  start  state,  under  a  simple  strategy

•  x(S1)  =  1               x(S0)  =  0

x(s)  =  max  Σ  P(s,α,t)·x(t)                for  s  ∈  S?
t∈Sα∈Act



...but  what  about  other  strategies?

•  Assume  
y(s)  :=  maximal  probability  of  (ϕ  U  ψ),  
if  s  is  the  start  state,  under  any  strategy

•  y(s)  must  be  a  soluCon  of  this  equaCon  
system!

•  uniqueness  of  soluCon    x  =  y



Value  iteraCon  +  convergence  test

•  xn(s)  :=  lower  bound  on  maximal  prob  of  (ϕ  U  ψ),  
xn(s)  :=  upper  bound  on  maximal  prob  of  (ϕ  U  ψ),  
if  s  is  the  start  state

•  x0(S1)  =  x0(S1  ∪  S?)  =  1,    x0(S0  ∪  S?)  =  x0(S0)  =  0
•  xn+1(S1)  =  xn+1(S1)  =  1,    xn+1(S0)  =  xn+1(S0)  =  0

xn+1(s)  =  max  Σ  P(s,α,t)·xn(t)                for  s  ∈  S?
xn+1(s)  =  max  Σ  P(s,α,t)·xn(t)                for  s  ∈  S?

t∈Sα∈Act

t∈Sα∈Act



Policy  iteraCon

•  Start  with  a  random  strategy  ζ0
•  Calculate  xζ0(s)  :=  Probζ0s(ϕ  U  ψ)
•  For  each  state,  find  the  opCmal  acCon  
if  the  other  states  use  ζn:

ζn+1(s)  =  arg  max  Σ  P(s,α,t)·xζn(t)
t∈Sα∈Act
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corresponding subformula. Nodes labelled by ^ or an until
operator have exactly two sons (their arguments). For each
node v we calculate the set Sat( ) of states consisting of
the states where the corresponding subformula  holds. The
cases where the associated formula of a node v is tt, a, ¬�0

or � = �1^�2 is clear as we have: Sat(tt) = S, Sat(a) = {s 2
S : a 2 L(s)}, Sat(¬�0) = S \ Sat(�0) and Sat(�1 ^ �2) =
Sat(�1) \ Sat(�2).

The next-step and the bounded-until operator are dealt
with in the same way for all three interpretations. This is due
to the fact that each mapping A : {! 2 Pathfin : |!|  k} !
S

s

Steps(s) with A(!) 2 Steps(last(!)) can be extended in
a fair (or a strictly fair) way. The following lemma shows
how to deal with subformulas whose outermost operator is
the next-step operator.

Lemma 5.1 Let Adv 2 {A, Afair , Asfair}, � be a PBTL
formula and Sat(�) the set of states t 2 S with t |=Adv �.
Then, for all s 2 S:

s |=Adv [ 9X � ]wp

iff there exists µ 2 Steps(s) with
X

t2Sat(�)
µ(t) w p,

s |=Adv [ 8X � ]wp

iff
X

t2Sat(�)
µ(t) w p

for all µ 2 Steps(s).

The lemma below characterises satisfaction relations for
the bounded-until operator.

Lemma 5.2 Let Adv 2 {A, Afair , Asfair} and �1, �2 be
PBTL formulas. Let pmax

s,l

and pmin
s,l

, s 2 S, l � 0, be given
as follows. If s |=Adv ¬�1 ^ ¬�2 then pmax

s,l

= pmin
s,l

= 0 for all
l � 0. If s |=Adv �2 then pmax

s,l

= pmin
s,l

= 1 for all l � 0. If
s |=Adv �1 then pmax

s,0 = pmin
s,0 = 0 and

pmax
s,l+1 = max

n

P

t2S

µ(t) · pmax
t,l

: µ 2 Steps(s)
o

,

pmin
s,l+1 = min

n

P

t2S

µ(t) · pmin
t,l

: µ 2 Steps(s)
o

.

Then, for all s 2 S:

s |=Adv [ �1 9Uk �2 ]wp

iff pmax
s,k

w p,

s |=Adv [ �1 8Uk �2 ]wp

iff pmin
s,k

w p.

Proof. For A 2 Adv let pA

s,l

= Prob{⇡ 2 PathA

ful (s) :
⇡ |=

Adv

�1U
l�2}. By induction on l it can be shown

that pmax
s,l

= max{pA

s,l

: A 2 Adv}, pmin
s,l

= min{pA

s,l

: A 2
Adv} which yields the claim.

Example 5.3 Let M be the following PBTL-structure and
� = [a9U3b]

>1/4.
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Using the notation of Lemma 5.2 we have pmax
v,3 =

pmax
z,3 = 1, pmax

w,3 = pmax
u,3 = 0 and the recursive formulas

pmax
s,i+1 = max{pmax

t,i

/2, 1/4}, pmax
t,i+1 = 1/2 + pmax

s,i

/2 where
pmax

s,0 = pmax
t,0 = 0. We obtain pmax

s,1 = 1/4, pmax
t,1 = 1/2,

pmax
s,2 = 1/4, pmax

t,2 = 5/8, pmax
s,3 = 5/16 and pmax

t,3 = 21/32.
Hence s, t, v, z |= �, w, u 6|= �.

The remainder of this section is concerned with the un-
bounded until operator. We develop a series of technical
results (Theorems 1-7) which essentially allow us to obtain
in our view a surprising result: to deal with the unbounded
until operator an examination of the simple adversaries suf-
fices. For readers’ convenience we state the main theorems
in this section without proof (those are included in Sect. 12).
Instead, we include justification for the technical results in
the form of examples.

First, the following example shows that the above-
mentioned reduction to simple adversaries fails for the
unbounded-until operator.

Example 5.4 Let M be as in Example 5.3. We saw that
s |=

Adv

[a9U3b]
>1/4. On the other hand, Prob{⇡ 2

PathA

ful (s) : ⇡ |= aU3b} = 1/4 for each simple adver-
sary A. (Note that there are exactly two simple adversaries
A

µ

and A
⌫

. These are given by A
µ

(s) = µ and A
⌫

(s) = ⌫ re-
spectively. In both adversaries, there is exactly one fulpath
⇡ starting in s and fulfilling aU3b, namely the fulpath

s
µ! t

⇢! z
µ

1
z! . . . in A

µ

and the fulpath s
⌫! v

µ

1
v! . . . in

A
⌫

.)

For the rest of this section we fix a PBTL-model M =
(S , L) where S = (S, Steps) and two PBTL formulas �1,
�2. We suppose that the sets of states s 2 S with s |=Adv �i

are already computed, where Adv is either A, Afair or
Asfair . We may suppose that �1, �2 are atomic propositions
with �

i

2 L(s
i

) if and only if s |=Adv �
i

, i = 1, 2. This
simplifying assumption allows us to use the same notation
for all three interpretations (since s |=Adv �i

iff s |= �
i

), and
is made for this reason alone.

Notation 5.5 Let Sat(�
i

) = {s 2 S : s |= �
i

}, i = 1, 2. For
A 2 A, ! 2 Pathfin , s 2 S,

pA

!

(�1U�2) = Prob
�

x 2 Pathful (!,MCA)
: x |= �1U�2 } ,

pmax
s

(�1U�2) = max
�

pA

s

(�1U�2) : A 2 A
simple

 

,
pmin

s

(�1U�2) = min
�

pA

s

(�1U�2) : A 2 Asimple
 

.

Here, for an adversary A and a fulpath x in MCA, x |=
�1U�2 iff ⇡ |= �1U�2 where ⇡ is the unique fulpath in
S with x = ⇡(0)⇡(1) . . .. Note that

pA

s

(�1U�2) = Prob
�

⇡ 2 PathA

ful (s) : ⇡ |= �1U�2
 

and that pmax
s

(�1U�2) and pmin
s

(�1U�2) are well-defined
since Asimple is finite.

Theorem 1 below can be derived from Corollary 20
(part 1) of [14], which uses the results of [20]. The rea-
son we state it here is that part (a) of this theorem carries
over to the satisfaction relation |=fair (Theorem 2), while part
(b) does not (cf. Example 5.14).

Which  states  saCsfy  P≤½  (a  AU  b)  ?



Some  slides  have  been  corrected  
based  on  remarks  made  by  Remy  Viehoff.


