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Let’s Talk About the Weather 

“The sun is shining.” Is this true? 
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Let’s Continue Talking About the Weather 

“It is going to rain.” Is this true? 
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The Logic DCTL: Features 

•  Truth values: not only “false” and “true”, 
Truth values: but full interval [0,1] ⊂ ℝ 
- e.g. express quantitative requirement on degree of sunnyness 
- more robust: Does an incidental cup of 149 ml invalidate spec 

“The coffee machine shall provide cups of (at least) 150 ml.”? 

•  Discounting: near future is more important than far future 
   (in temporal formulas) 

- e.g. model impatient observer 
- different from strict deadlines in bounded-temporal CTL formulas 



Jansen: More or Less True 
FORMATS 2013 

The Logic DCTL: History 

defined for discrete-time Markov chains in 

de Alfaro, Faella, Henzinger, Majumdar, Stoelinga: 
Model checking discounted temporal properties. 
TCS, 2005. 

- DCTL definition 
- model checking algorithms for labelled transition systems, 

Markov chains and Markov decision processes 
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Which Coat Shall I Pack? 

good against rain good against cold 
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Interesting Questions... 

•  Should I pack my raincoat? 

 ∀◇2(rain) = measure of most rainy weather 

•  Should I pack my winter coat? 

 ∀□2(warm) = measure of minimum temperature 

•  If I can only take one, which one should I pack? 

 compare ∀△2(¬warm) with ∀△2(rain) 
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The Logic DCTL: Syntax 

•  atomic proposition  p 
•  negation    ¬φ 
•  conjunction    φ ∧ ψ 
•  weighted sum   φ ⊕w ψ   w∈[0,1] 
•  expected maximum  ∀◇α φ   α∈[0,∞) 
•  expected minimum  ∀ α φ 
•  expected average  ∀△α φ 
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Let’s Play a Game 
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Continuous-Time Markov Decision Process 
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Exponential Distribution 
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Continuous-Time Markov Decision Process 

A CTMDP consists of: 
•  S      finite set of states 
•  A      finite set of actions 
•  R: S × A × S ! ℝ≥0  transition rate matrix 

 or 
Q: S × A × S ! ℝ  infinitesimal generator matrix 

     (for all i∈S and a∈A,  Σj Qa
ij = 0) 

•  L: S × AP ! {0,1}   labelling with atomic propositions 
[0,1] 
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The Logic DCTL: Semantics 

interpretation of formula φ in state s is ⟦φ⟧(s) ∈ [0,1] 

•  ⟦p⟧(s)   = L(s,p) 
•  ⟦¬φ⟧(s)   = 1 – ⟦φ⟧(s) 
•  ⟦φ ∧ ψ⟧(s)  = min { ⟦φ⟧(s), ⟦ψ⟧(s) } 
•  ⟦φ ⊕w ψ⟧(s)  = (1 – w) ⟦φ⟧(s) + w ⟦ψ⟧(s) 
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The Two Semantics of ∀◇ φ (in CTL) 

•  Fixpoint semantics: (least) solution of 

      (")u = φ ∨ ∀○ u 
    u(") = max { ⟦φ⟧("), 
    u(") = max { mins∈succ(") u(s) } 

•  Path semantics: 

    minσ∈Paths maxn∈{0,1,...} ⟦φ⟧(σ@n) 

The two semantics coincide in CTL 
... but they differ in discounted setting! 
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The Fixpoint Semantics of ∀◇α φ 

(Least) solution of 

    (")u = φ ∨ ∀○α u 
    u(") = max { ⟦φ⟧("), 
    u(") = max { mina∈A 𝔼a e–αT u(X) } a e–αT u(X) } 

- e–αT   discount for waiting until transition is taken 
- T   random variable for waiting time 

- 𝔼a e–αT u(X)  discounted expectation over next state a e–αT u(X)  discounted expectation over next state 
- X   random variable for next state 

- u is a function S ! [0,1] 
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The Fixpoint Semantics of ∀◇α φ 

(Least) solution of 

    (")u = φ ∨ ∀○α u 
    u(") = max { ⟦φ⟧("), 

  u(") = max { mina∈A             Σs'∈succ(") Ra(",s')u(s') } .    1    . 
Ea(")+α 
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The Fixpoint Semantics of ∀◇α φ 

(Least) solution of 

    (")u = φ ∨ ∀○α u 
    u(") = max { ⟦φ⟧("), 

  u(") = max { mina∈A             Σs'∈succ(") Ra(",s')u(s') } 

•  can be formulated as linear program: 

Minimize Σs∈S v(s) subject to 
- v(s) ≥ ⟦φ⟧(s)           for all s ∈ S 

- v(s) ≥             Σs' ∈ succ(s) Pa(s,s')v(s')     for all s ∈ S and a ∈ A 

.    1    . 
Ea(")+α 

. Ea(") . 
Ea(")+α 

same type 
of solution as 

in DTMCs 



Jansen: More or Less True 
FORMATS 2013 

Model Checking the Fixpoint Semantics 

•  Other operators also allow reduction to discrete-time case 

•  Model checking algorithm: 
1  Uniformise CTMDP 

(so exit rate E no longer depends on current state + action) 
2  Reduce to discrete-time Markov chain 
3  Apply discrete-time algorithm with discount factor E/(E+α) 
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The Path Semantics of ∀◇α φ 

Look at complete path at once: 

  minD∈Scheduler 𝔼 supt∈[0,∞) e–αt ⟦φ⟧(σ@t) 

- supt∈[0,∞)       supremum over all time points 
- e–αt        discount at time t 
- σ@t        random variable for state at time t 

- minD∈Scheduler      any scheduler class in CTMDP 
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Function of path and time 

 (σ,t)  ↦  e–αt ⟦sunny⟧(σ@t) 
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Expected Supremum 
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M s3 

Observation 

only first entry into more sunny class can improve 
⟦∀◇α sunny⟧path over ⟦sunny⟧ 
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Iterative Solution 

First iteration: assume all states are completely sunny 
⟦∀◇α sunny⟧path is correct for sunny states 

M 

correct incorrect 
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Iterative Solution 

Second iteration: assume states are sunny or mostly sunny 
⟦∀◇α sunny⟧path is correct for sunny and mostly sunny states  

M 

correct incorrect 
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Iterative Solution 

Third iteration: assume three shades of sunnyness exist 
⟦∀◇α sunny⟧path is correct for three sunniest shades 

M 

correct incorrect 
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Iterative Solution 

Repeat until all shades of sunnyness have passed 

M 

correct 
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M 

How To Take the Expectation Over Runs 

many different types of runs 
actually only very few cases to distinguish 

s3 
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Paths That Reach a Better State Quickly 

when path reaches better state, 
reuse result of earlier iterations 

M s3 
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M 

Cutoff Time 

time within which a better state must be reached 
otherwise, discounting compensates effect of improvement 

M 

other colours 
may be different! 

same colour = 
cutoff time for s3 s3 
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Paths that Stay in Bad States for a Long Time 

at cutoff time, reuse result of earlier iterations 
strictly speaking, that result was an overestimation, 
but discounting until cutoff time compensates the error! 

M s3 



Jansen: More or Less True 
FORMATS 2013 

Time-bounded reach probability in CTMCs 

•  “How large is the probability to reach state s2 
within time at most tcutoff?” 
standard algorithms to answer this question exist 

•  calculating ⟦∀◇α sunny⟧path reduces 
to (sequence of) time-bounded reach probability problems 
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Model Checking the Path Semantics 

•  Other operators also allow similar iteration 

•  Model checking algorithm for a single temporal operator: 
1  Order states according to ⟦φ⟧-ness 
2  Iterate from the most ⟦φ⟧-y to the least ⟦φ⟧-y state: 
0  In the first iteration, all states get the maximal ⟦φ⟧-ness assigned. 
1  Calculate cutoff time 
2  Calculate reach probability until cutoff time 
3  Take weighted sum over (discounted) values from earlier iteration 

•  Repeat this algorithm for nested formulas 
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Achieved results 

•  Extended: discounted CTL to continuous-time MCs 

•  Two semantics: fixpoint and path 

•  Model checking algorithms 
- Fixpoint:  reduction to discrete-time DCTL 
- Path:   reduction to time-bounded reach probability problems 


